We study the four-weight spin models (W 1 , W 2 , W 3 , W 4 ) introduced by Eiichi and Etsuko Bannai (Pacific J. of Math, to appear). We start with the observation, based on the concept of special link diagram, that two such spin models yield the same link invariant whenever they have the same pair (W 1 , W 3 ), or the same pair (W 2 , W 4 ). As a consequence, we show that the link invariant associated with a four-weight spin model is not sensitive to the full reversal of orientation of a link. We also show in a similar way that such a link invariant is invariant under mutation of links.
Introduction
Spin models are basic data for a certain construction of invariants of oriented links in 3-space. They are given in terms of matrices (satisfying certain equations) which are used to compute the link invariant on link diagrams. The original construction by Jones [18] involved a pair of symmetric matrices, which we call here a symmetric two-weight spin model. This was generalized by the two-weight spin models of Kawagoe, Munemasa, Watatani [21] which consist of a pair of not necessarily symmetric matrices. Finally Eiichi and Etsuko Bannai [2] introduced the much more general four-weight spin models which involve four matrices W 1 , W 2 , W 3 , W 4 .
So far, research on spin models has been mostly devoted to two-weight spin models, which exhibit nice connections with association schemes: the spin model matrices belong to some Bose-Mesner algebra and define a duality on this algebra via the so-called modular invariance equation (see [3, 14, 16, 24] ). We study here four-weight spin models, also obtaining some new results on two-weight spin models whose proof apparently involves the concept of four-weight spin model in an essential way.
The content of this paper can be summed up as follows.
In Section 2 we give the necessary preliminaries on link diagrams, link invariants and spin models.
Then Section 3 deals with special link diagrams. Our starting point is the observation that for such link diagrams, the computation of the link invariant associated with a four-weight spin model can be done using only the matrices W 1 , W 3 , or only the matrices W 2 , W 4 . Every link can be represented by a special diagram, and hence if two four-weight spin models have the same matrices W 1 , W 3 , or the same matrices W 2 , W 4 , they yield the same link invariant. This is used to show that the link invariant associated with any four-weight spin model is invariant under simultaneous orientation reversal of all components. We also use the concept of special link diagram to show that link invariants associated with four-weight spin models are invariant under mutation of oriented links. This is a strong restriction on such invariants, since for instance many quantum group invariants (as defined for instance in [25] ) can distinguish mutant links [23] .
In Section 4 we describe algebraically the transformations of four-weight spin models which preserve W 1 , W 3 or preserve W 2 , W 4 . We call them gauge transformations to point out their similarity with transformations of spin models as considered in statistical mechanics (they have also been considered independently in [10] under the same name). These gauge transformations belong to the following two types: multiplication of W 2 , W 4 by permutation matrices representing certain symmetries of the spin model, and conjugation of W 1 , W 3 by diagonal matrices. We show for instance that up to gauge transformations, we can assume that W 1 , W 3 are symmetric. We have no similar result for W 2 , W 4 . However, some power of W 2 must be symmetric (and likewise for W 4 ).
In Section 5 we consider two-weight spin models obtained as solutions of the modular invariance equation for a given Bose-Mesner algebra B and a given duality of B. We show that the set of such spin models is invariant under certain gauge transformations associated with the permutation matrices in B. In the case where B is the Bose-Mesner algebra of some Abelian group association scheme, we also show that any two such spin models (which generalize those introduced in [1] ) are related by a gauge transformation. As a consequence, since one of these spin models is symmetric, the link invariant associated with such a spin model depends only trivially on the link orientation.
We conclude in Section 6 with some directions for future research.
Spin models for link invariants
For a more complete survey on this topic, see [12] .
Links and link diagrams
For more details on this section the reader can refer to [7, 8, 20] . A link consists of a finite collection of disjoint simple closed curves smoothly embedded in R 3 (these curves are the components of the link). If each component has received an orientation, the link is said to be oriented. (Oriented) links can be represented by (oriented ) diagrams. A diagram of a link is a generic plane projection (there is only a finite number of multiple points, each of which is a simple crossing), together with an indication at each crossing of which part of the link goes over the other. For oriented diagrams, the orientations of the components are indicated by arrows. See figure 1 for examples. An oriented diagram L has two kinds of crossings, characterized by a sign as shown on figure 2. The Tait number (or writhe) of L, denoted by T (L), is the sum of signs of its crossings.
A diagram L will be considered as a graph embedded in the plane R 2 , with sets of vertices and faces denoted by V (L), F(L) respectively. The vertices of L correspond to the crossings, the edges are the connected components of L − V (L), and the faces are the connected components of R 2 − L. We allow a special kind of edge called a free loop Figure 2. which is embedded as a simple closed curve disjoint from the remaining part of the graph. All edges of an oriented diagram will be directed in agreement with the orientation of the corresponding link component.
(Oriented) diagrams are considered up to isomorphism of (directed) plane graphs (preserving the crossing information at each vertex).
Link invariants and Reidemeister moves
Two links are ambient isotopic if there exists an isotopy of the ambient 3-space which carries one onto the other (for oriented links, this isotopy must preserve the orientations). This natural equivalence of links is described in terms of diagrams by Reidemeister's Theorem, which asserts that two diagrams represent ambient isotopic links if and only if one can be obtained from the other by a finite sequence of elementary local transformations, the Reidemeister moves. These moves belong to three basic types described for the unoriented case in figure 3 .
A move is performed by replacing a part of diagram which is one of the configurations of figure 3 by an equivalent configuration without modifying the remaining part of the diagram. For the oriented case, all local orientations of these pairs of equivalent configurations must be considered. Reidemeister's Theorem allows the combinatorial definition of a link invariant as an assignment of values to diagrams such that the value of any diagram is preserved by Reidemeister moves. As shown in [18] , one may use partition functions of statistical mechanical models, and in particular of spin models, to define such assignments.
Spin models: Generalities
Link invariants associated with spin models are defined as follows. Given a link diagram L, we first color its faces with two colors, black and white, in such a way that adjacent faces receive different colors and the unbounded face is colored white. Let X be a finite non-empty set of spins. Let B(L) be the set of faces of L colored black. A state of L is a mapping from B(L) to X. Loosely speaking, a spin model will be a certain prescription for associating with every state σ and vertex v of L a complex number v, σ called the local weight of σ at v. Then the weight of a state will be the product of local weights over all vertices (this product will be set to 1 if there are no vertices). Finally the partition function Z(L) will be the sum of weights of all states. Thus
One can write down natural conditions on the spin model (called invariance equations) which will guarantee that the partition function, multiplied by a suitable normalization factor, is not modified by Reidemeister moves and hence defines a link invariant. This normalization factor consists of two terms. The first one (needed to accomodate Reidemeister moves of type I) necessarily involves an orientation of L, and is equal to µ −T (L) , where µ is some non-zero complex number called the modulus of the spin model. The second one is, assuming that L is connected as a graph, D −|B(L)| , where D is some square root of the number of spins (this connectivity restriction is not significant since every link can be represented by a connected diagram).
To sum up, if a spin model satisfies the invariance equations, the assignment of the quantity 
Spin models: Definitions
Let us now describe spin models more precisely.
The initial definition of [18] was given in terms of a pair of symmetric matrices. Then it was generalized to non symmetric matrices in [21] . Finally it was further generalized in [2] under the name of four-weight spin models by using four matrices. To simplify the exposition we shall begin with this last generalization, which will be the main topic of the present paper.
A four-weight spin model is given by four matrices W 1 , W 2 , W 3 , W 4 with rows and columns indexed by the set of spins X . Given a state σ and vertex v of the oriented diagram Let us now present briefly the invariance equations (see [2] ). The study of Reidemeister moves of type II (there are four oriented versions of the unoriented move depicted on figure 3, and two local black and white face-colorings for each of these) forces the introduction of the normalization term D −|B(L)| (where D 2 = |X|) and leads to the equations (to be satisfied for all a, b in X ):
where δ is the Kronecker symbol. Note that (3), (5) imply that the matrices W i (i = 1..4) have non-zero entries. A similar study of Reidemeister moves of type III leads in [2] to sixteen equations (in that paper the mirror image of the Reidemeister move of type III depicted on figure 3 is also considered, but this is unnecessary since both versions are equivalent under Reidemeister moves of type II). However it is shown in Theorem 1 of [2] that, assuming (2), (3), (4), (5) , these sixteen equations can be separated into two groups of eight in such a way that all equations in one group are mutually equivalent. Thus, to obtain the invariance of
under oriented Reidemeister moves of types II and III, it is enough to impose one equation in each group, together with (2), (3), (4), (5) . There is another way to see this: it is shown in [26] 
These correspond to the two local black and white face-colorings of the move of type III depicted on figure 3 , oriented in such a way that the triangle in the left-hand side becomes an anticlockwise circuit. In the terminology of [2] , (6) and (7) are equations III 6 and III 12 respectively. We observe that the exchange of a and b in (6) does not modify the left-hand side and transforms the right-hand side into the right-hand side of (7). Thus we may replace (6),
Finally, taking c = b in (6), (7) and using (3), (5), we obtain:
Hence there exists a non-zero complex number µ such that
It then easily follows from (3) and (4) that
Eqs. (9) and (10) imply the invariance of µ
under oriented Reidemeister moves of type I. Moreover, assuming (2), (3), (4), (5), (8) , this quantity is still invariant under oriented Reidemeister moves of type II and III, since the Tait number is also invariant under these moves.
We now sum up the above discussion in the following definition. 
These equations imply that there exists a non-zero complex number µ, called the modulus of the spin model, such that, for all a in X ,
The associated link invariant is defined for every connected oriented diagram L by µ
where
and the local weights v, σ are defined on figure 4.
We shall be interested in the following special cases. It can be shown that the above definitions are equivalent to the definitions given for "generalized spin models" in [21] or for "two-weight spin models of Jones type" in [2] . Moreover, symmetric two-weight spin models are exactly those introduced in [18] . These symmetric models have the property that the corresponding partition function can be computed on unoriented diagrams (see figure 4 ) and hence the associated link invariant depends only trivially on the link orientation via the normalization term µ −T (L) . We shall make use of the following immediate consequences of (2), (3), (9), (10) . For every two-weight spin model (W + , W − , D) on X of modulus µ, and for all a, b in X :
Exchanging black and white
Recall that to define the link invariant associated with a spin model we have chosen arbitrarily to color the unbounded face of every connected oriented diagram white (and then the color of every face is determined). If we had chosen to color the unbounded face black (then black and white are exchanged for all faces), we would also have obtained a link invariant. We shall need the basic (and not surprising) fact that this link invariant is the same as the first one. The proof for four-weight spin models is an immediate extension of the one given for symmetric two-weight spin models in [18] (Proposition 2.14). So from now on we shall choose freely the black and white face-coloring to evaluate the link invariant associated with a four-weight spin model.
A remark on normalization
It is clear from Definition
is a four-weight spin model, the same holds for (λW 1 
, where λ is any non-zero complex number. We shall say that these spin models are proportional. Given a connected oriented diagram L, replacing the first spin model by the second one multiplies the weight of each state, and hence the partition function, by λ T(L) (see figures 2 and 4). On the other hand, if the first spin model has modulus µ, the second one has modulus λµ. Hence proportional four-weight spin models yield the same link invariant.
Thus the concept of modulus for four-weight spin models might appear to be redundant. However it is essential for the study of two-weight spin models. 
Special diagrams and applications

Special diagrams
Let L be an oriented link diagram. If we "smoothe out" each crossing as shown on figure 5 , we obtain an oriented link diagram consisting only of free loops. These free loops are called the Seifert circles of L and can be identified with some directed circuits of the directed graph L. Clearly every vertex of L is incident to exactly two distinct Seifert circles. The diagram L will be called special if no Seifert circle lies in the interior of another.
We shall give the proof of the following Proposition 13.15 in [7] since we shall need later some extension of it.
Proposition 1 Every oriented link can be represented by a connected special diagram.
Proof: Let us start with some connected oriented diagram L of the given link L. For every Seifert circle C of L we introduce a disk with boundary C, and for every vertex incident with the two Seifert circles C 1 , C 2 we introduce an appropriately twisted band with ends attached to the disks corresponding to C 1 and C 2 , thus obtaining a connected surface S with boundary L. This surface is easily seen to be orientable. We embed S in R 3 in such a way that the disks are disjointly embedded in the plane R 2 , the twisted bands are pairwise disjoint, and the projection of each band onto R 2 is disjoint from all disks except for its two ends. We may assume that the projection of the boundary L of S onto R 2 is generic and hence yields a diagram L of L. We may arrange so that all crossings of L occur either between two opposite sides of the same band, or in groups of four according to the two situations depicted on figure 6 or to the oppositely oriented ones (these situations correspond to the crossing of two distinct bands, or of two separate sections of the same band). We replace all configurations depicted on figure 6(i) by the configuration of figure 7, and perform similar replacements for the oppositely oriented configurations. It is then easy to see that the resulting diagram of L is special. 
Four-weight spin models with the same associated link invariant
Let us call a special diagram even (respectively: odd) if it is endowed with a black and white face-coloring such that the unbounded face is white (respectively: black). Clearly in an even special diagram L the interior of every Seifert circle is a black face, and consequently 
Invariance under orientation reversal
The reverse of an oriented link is obtained by reversing the orientations of all its components. So far the following result was only known for the trivial case of symmetric two-weight spin models. [2] ). Since they are proportional, they have the same associated link invariant. Let us represent the oriented link L by the connected even special diagram L. The partition functions of (
Proposition 3 A link invariant associated with a four-weight spin model does not distinguish between an oriented link and its reverse.
Since these two spin models have opposite moduli and opposite loop variables, the associated link invariants differ by a factor
It is well known (and easy to prove by induction using the smoothing operation of figure 5 ) that, for any oriented diagram, the numbers of components of the corresponding link, of crossings, and of Seifert circles, add up to an even number. Since L is an even special diagram, it has |B(L)| Seifert circles, and this shows 
Invariance under mutation
The following definitions are essentially taken from [22] . Let L be a link in R 3 such that there is a 2-sphere which meets L transversely in exactly four points. Up to ambient isotopy, we may assume that this 2-sphere is
, that its intersection with L consists of the four points (1, 1, 0), (−1, 1, 0), (−1, −1, 0), (1, −1, 0), and that L is orthogonal to the sphere at each of these points. We now apply to the interior of the sphere a rotation through angle π about one of the coordinate axes. The union of the part of L situated outside the sphere with the rotated part of L situated inside yields a new link L . If L is oriented, we keep its orientation outside the sphere, and inside the sphere either we keep it or we reverse it in order to obtain a consistent orientation for L . The new link L is said to be obtained from L by a mutation. If we assume that the projection of L onto the (x, y)-plane is generic, the same holds for L , and we can easily describe mutations in terms of the corresponding diagrams: rotations through angle π about the x-or y-axis are replaced by plane reflections with respect to the same axis, rotation about the z-axis becomes rotation about the origin (0, 0), and the indications of crossing structure at vertices are transferred in the obvious way. See figure 8 for an (unoriented) example.
The following result generalizes Proposition 5 of [14] .
Proposition 5 Any link invariant associated with a four-weight spin model is invariant under mutation.
Proof: We consider a four-weight spin model (
and we want to show that the associated link invariant takes the same value on two oriented links L, L related as above by a mutation. We may assume that this mutation corresponds to a rotation about the x-or y-axis since the composition of these two mutations will yield a mutation corresponding to a rotation about the z-axis. We consider diagrams L, L which we may assume to be connected, obtained from generic projections of L, L onto the (x, y)-plane. The plane reflection (restricted to the disk {(x, y) ∈ R 2 /x 2 + y 2 ≤ 2}) which transforms L into L defines a bijection from the set of vertices (respectively: faces) of L to the set of vertices (respectively: faces) of L and we denote by v (respectively: f ) the image of the vertex v (respectively: face f ) of L under this bijection. We choose a black and white face-coloring for L such that the points of intersection of the reflection axis with the circle C = {(x, y) ∈ R 2 /x 2 + y 2 = 2} lie inside black faces which we denote by f 1 , f 2 . We have a similar black and white face-coloring for L such that for every face f of L , f and f have the same color. Drawing the reflection axis as vertical and exchanging the roles of L, L if necessary we can restrict our attention to one of the three situations depicted in figure 9(i) and (ii) or (iii) (this figure describes symbolically the effect of the plane reflection on the relevant part of the diagram L; to obtain L all orientations must be reversed in the right-hand sides of (ii) and (iii)).
We define a bijection between the states of L and the states of L by associating with every Thus to finish the proof it is enough to show that if we complete the configurations appearing in the left-hand sides of figures 9(i)-(iii) into link diagrams by the addition of two edges in the exterior of C as shown in figures 10(i)-(iii) respectively, we can obtain special diagrams representing the same links without modifying the exterior of C. This is 
Gauge transformations
In this section we give a more intrinsic description of transformations of four-weight spin models (
. It turns out that these transformations are analogous to some gauge transformations considered in statistical mechanics and also introduced independenty for 4-weight spin models in [10] . In this section all spin models are defined on a given set X , and M X denotes the set of complex matrices with rows and columns indexed by X . i = 1, 3 ). Eq. (3) is also preserved by this replacement since W 1 (a, b) = (a, a)W 1 (a, b)( (b, b) ) a)( (a, a) ) −1 . One sees similarly that , a) , so that Eq. (8) 
Odd gauge transformations
Let us fix the element c of X and define the diagonal matrices , in 
with as in (ii) of Proposition 6).
There is one such term for each vertex of type W 1 or W 3 where the two incoming edges are incident with the black face f 1 and the two outcoming edges are incident with the black face f 2 (see figure 4) . Then clearly for every black face f the total exponent of (σ ( f ), σ ( f )) in this product of terms is zero. Thus an odd gauge transformation preserves the weight of each state. [28] , the problem can be reformulated in terms of symmetric two-weight models, for which some general classification results are known (see [14, 16, 24] and Section 5.1 of the present paper).
Proposition 7 Let
We also note that the number of four-weight spin models (W 
Even gauge transformations
Proof: (i) implies (ii): Four every a, b, c in
Hence A is a semisimple commutative associative algebra with basis of orthogonal idem-
a∈X W 4 (a, i)A a for every i in X . The same proof shows that {E i , i ∈ X } is a basis of orthogonal idempotents of A. But such a basis is unique and hence there exists a permutation π of X such that
for every a, i in X . Let P be the permutation matrix in M X defined by P(x, y) = δ(y, π(x)) for every x, y in X . We obtain the equation 
.
The above equations, together with obvious verifications of Eqs. (2) and (3) (ii) implies (iv): The proof is exactly similar to the previous one. (iii) implies (i): It is easy to check that Eqs. (4) and (5) 
is a four-weight spin model. Introducing again the permutation π of X such that P(x, y) = δ(y, π(x)) for every x, y in X , we get from Eq. (8): a, x)W 2 (b, x)W 4 (x, c) .
Thus (8) 4 , D) are related by an even gauge transformation. Then they have the same associated link invariant by Proposition 2. In contrast with the case of odd gauge transformations, we have no direct proof of this which would work for arbitrary link diagrams. See however [10] for even special diagrams (a special case of even gauge transformations is considered there, but the proof is easily generalized).
Note that the number of even gauge tranformations which can be performed on a given four-weight spin model is finite. More precisely, such transformations involve certain symmetries of the spin model which we consider now in detail.
We denote by S X the group of permutation matrices in M X .
Proposition 9 Let
2 S X W 2 ) are both equal to the set of matrices P in S X such that
Proof: The set of matrices P in S X such that 4 , D) corresponds to a left (or equivalently right) multiplication of W 2 by some element of the group introduced in Proposition 9, together with the corresponding similar transformation for W 4 . The "gauge transformations 2" of [10] are an interesting special case.
Note that when (W + , W − , D) is a two-weight spin model, Proposition 9 states an interesting property of the matrix W + = W 1 = W 2 .
For every M in M X , the automorphism group of M, denoted by Aut(M), is the group of matrices in S X which commute with M. We observe that both Aut(W 1 ) and Aut(W 2 ) are subgroups of the group of Proposition 9. (W 1 , W 2 , W 3 , W 4 , D) 
Proposition 10 Let
(ii) If P = Q 2 with Q in Aut(W 2 ), t W 2 = Q 2 W 2 = QW 2 Q and hence t (W 2 Q) = W 2 Q. We can take W 2 = W 2 Q, W 4 = t QW 4 . 2
Gauge equivalence of spin models
The following result is clear from Propositions 2, 6, 8. The two four-weight spin models appearing in Proposition 11 will be said to be gauge equivalent. Thus two four-weight spin models are gauge equivalent if, up to proportionality, one can be obtained from the other by a sequence of even and odd gauge transformations. Similarly, we shall say that the two-weight spin models (W + , W − , D) and (W + , W − , D) are gauge equivalent if the corresponding four-weight spin models (
Proposition 11 Let
Let us illustrate Proposition 11 with a simple example. It is easy to check (see [18] ) that
where all entries of J are equal to 1, (W + , W − , D) is a (symmetric) 2-weight spin model with modulus −α 3 . Up to a change of variables, the associated link invariant is the Jones polynomial introduced in [17] . Since Aut(W + ) = S X , for every permutation matrix P and invertible diagonal matrix in M X we obtain a four-weight spin model (−α
of modulus 1 with the same associated link invariant. The identification of this link invariant can be obtained directly as follows. Let L + , L − and L 0 be three oriented link diagrams such that L − is obtained from L + by changing the sign of one crossing from positive to negative (see figure 2) , and L 0 is obtained from L + by smoothing out the same crossing (see figure 5) . Then it is easy to show, using the equations
. This is precisely (for a suitable choice of variable) the defining relation for the Jones polynomial.
Gauge equivalence of some two-weight spin models
Two-weight spin models and Bose-Mesner algebras
Let X be a finite non-empty set. The set M X of complex matrices with rows and columns indexed by X is considered as usual as a vector space over the complex numbers. The Hadamard product of two matrices A, B in M X , denoted by A • B, is defined by (A • B)(x, y) = A(x, y)B(x, y) for every x, y in X . The identity element for this associative and commutative product is the matrix J with all entries equal to 1. We shall call a BoseMesner algebra on X any vector subspace B of of M X containing I and J which is closed under transposition, Hadamard product, and ordinary matrix product, this second product being commutative on B.
Every Bose-Mesner algebra B has a basis {A i , i = 0, . . . , d} such that A i • A j = δ(i, j) A i and A 0 = I . The matrices A i , called the primitive Hadamard idempotents of B, can be viewed as the adjacency matrices of some relations on X which form a (commutative) association scheme (see [4, 6] for definitions). The notions of (commutative) association schemes and Bose-Mesner algebras are completely equivalent (the proof given in Theorem 2.6.1 of [6] for the symmetric case can easily be extended), but it is more convenient for our purposes to work in the framework of Bose-Mesner algebras.
A duality of a Bose-Mesner algebra B on X is a linear map from B to itself which satisfies the following properties:
For any two matrices M, N in B,
It easily follows that For any two matrices M, N in B,
It is shown in [16] (see also [14, 24] ) that if (W + , W − , D) is a two-weight spin model on X with modulus µ, there exists a Bose-Mesner algebra B on X which contains W + , W − and admits a duality given by the expression
Remarks
(i) To obtain the expression (21), which we prefer to that given in Theorem 11 of [16] since it is more convenient for the proof of Proposition 12 below and appears previously in [3] , we consider the two-weight spin model
this is allowed by Theorem 9 of [2] or Proposition 2 of [21] ).
(ii) (21) implies that µ is the modulus of (W + , W − , D). To see this, we apply (21) to M = I , use (13), (12) and compare with (19) .
When W + , W − belong to B and (21) holds we shall say that (W + , W − , D) satisfies the modular invariance property with respect to the pair (B, ) (see [3] ). + PW + is also a permutation matrix, is an invertible diagonal matrix in M X and λ is a non-zero complex number. We fix P in B, so that W −1 + PW + = P is also a permutation matrix, and we look for and λ as above such that λ W + −1 = λ −1 PW + (the other equality λ −1 W − −1 = λW − t P will then follow from (11)). By (18) , (P) 2 = |X| (P • P) = |X| (P). Hence E = |X| −1 (P) is an idempotent (for the ordinary matrix product). Moreover by (20) and (17)
A general equivalence result
Trace (P) = 1 and E has rank 1. The fact that (P) has rank 1 implies that there exist diagonal matrices , in M X such that (P)(x, y) = (x, x) (y, y) for all x, y in X . Moreover since I • (P) = I, and are inverse matrices. Hence is invertible and
If we express P in the basis of primitive Hadamard idempotents of B, we see that exactly one of the coefficients is equal to 1 while the others are zero. In other words, P belongs to this basis. Let β be the coefficient of P in the expression of W − in the same basis. Then 
is a two-weight spin model which is gauge equivalent to (16) ).
satisfies the modular invariance property with respect to (B, ). 2
The permutation matrices in B form an Abelian group of size at most dim B, ≤ |X|. The extremal case where this group is of size |X | is of special interest and is studied below.
Equivalence of some two-weight spin models on Abelian groups
In this section we assume that X is an Abelian group written additively. For every i in X define the matrix A i in M X by A i (x, y) = δ(i, y − x) for every x, y in X . The complex linear span B of the matrices A i is easily seen to be a Bose-Mesner algebra on X , with basis of primitive Hadamard idempotents {A i , i ∈ X }. It is also easy to show (see for instance [3] ) that B admits dualities, all of which can be described as follows (a more explicit classification is given in [5] ). It is possible to index the characters of X with the elements of X in such a way that, denoting by χ i the character indexed by i, the equality χ i ( j) = χ j (i) holds for all i, j in X . Then one defines the linear map from B to itself by the equalities
It is easy to check that is a duality. We now assume that such a duality is given.
The spin models studied in the next result have appeared in several work: [11, 18] (symmetric models in the cyclic group case), [1] (general cyclic group case), [3, 13] . See also [19] for a related construction and [9, 10, 27] for some connections with physics.
The following result was motivated by information received from Eiichi and Etsuko Bannai and Takashi Takamuki. It is related (this follows from [3] ) with the result stated at the end of [10] on the spin models of [19] . It is also related with the result of [27] that the link invariant introduced there depends only trivially on link orientation. Proof: Two-weight spin models which satisfy the modular invariance property with respect to (B, ) are described explicitly in [3] . To be as self-contained as possible we shall only use here the fact that there exists at least one such spin model, say (W + , W − , D). Let us write W + = j∈X t j A j . Note that the t j are non-zero by (12) and that (W + , W − , D) has modulus t 0 by (14) . By (21) , for every i in X , (
Proposition 13
. Using (12) we get
and thus
On the other hand
It follows that t i t j χ −i ( j) = t 0 t i+ j for every i, j in X. Finally, let us show that one of the above possibilities for W + is symmetric. We want to find k in X such that A K W + = j∈X t j A j+k = j∈X t j−k A j is symmetric, or equivalently t j−k = t − j−k for every j in X . Using (22) this can be written: t Thus we want to find k in X such that t j t
for every j in X . In other words, defining the map η from X to the complex numbers by η( j) = t j t −1 − j for every j in X , we want to show that η is a square in the group X ∧ of characters of X .
By (22) , η(i)η( j) = t i t j (t −i t − j ) −1 = χ −1 ( j) −1 t 0 t i+ j (χ i (− j) −1 t 0 t −i− j ) −1 = η(i + j) and hence η is a character. Let ϕ be the endomorphism of X defined by ϕ(i) = 2i for every i in X , let G be the subgroup of squares in X ∧ and let H be the subgroup of characters of X which take the value 1 on Kerϕ. Since χ 2 (i) = χ(ϕ(i)) for every character χ , G ⊆ H . Moreover G is isomorphic to Im ϕ, and H is isomorphic to the group of characters of X/Kerϕ, so that |G| = |H|. Now η belongs to H , since for every i in Kerϕ, η(i) = t i t 
Conclusion
We hope to have convinced the reader that it is worthwhile to consider two-weight spin models as a special case of four-weight spin models, because we then have at our disposal the powerful tool of gauge transformations. However we believe that general four-weight spin models are also interesting for their own sake. To support this belief it would be nice to exhibit a link invariant which can be obtained from a four-weight spin model and not from a two-weight spin model. The main difficulty here is to find a criterion to show that a link invariant cannot be associated with some two-weight spin model, which does not show at the same time that the link invariant cannot be associated with some four-weight spin model. But another difficulty is the lack of known examples of four-weight spin models (excluding of course those which can be obtained from two-weight spin models by gauge transformations). See however [2, 15, 28] . Thus more research on explicit constructions of four-weight spin models is needed. However, some theoretical aspects are worth investigating as well. In particular the present work paves the way to new axiomatizations of the notion of four-weight spin model, which would bear on one of the pairs (W 1 , W 3 ) or (W 2 , W 4 ) alone, or even better on the 3-tensors appearing in (8) . Maybe such axiomatizations could lead to a better topological understanding of the associated link invariants.
